To clarify the grain-scale mechanisms that control the onset and cessation of sediment transport, we performed molecular dynamics simulations of granular beds driven by a model hydrodynamic shear flow. We find a critical value for the Shields number (the nondimensional shear stress at the top of the granular bed) that separates flowing and static states, with a bed flow rate that is discontinuous at the critical value. The transition times between flowing and static states diverge as the system approaches the critical Shields number from above and below. Additionally we find that, for finite systems, the onset of flow occurs stochastically at supercritical Shields numbers. We show that the statistics of the Shields number at failure obey Weibullian weakest-link statistics, and that the onset of flow is caused by local grain rearrangements that give rise to additional rearrangements and then to continuous flow. Thus, the onset of motion is governed by the packing structure of the granular bed, even deep beneath the surface. Since the fluid dynamics is strongly coupled to the settling process and thus to the bed structure, this also suggests a strong feedback between the fluid dynamics and granular physics in bed mobilization.
Fluid flowing laterally over a granular bed exerts shear stress on the grains. This occurs in many natural and industrial applications, such as sediment transport in riverbeds [1, 2] and slurries in pipes [3, 4] . The ratio of the shear stress exerted by the fluid on the top of the bed to the buoyancy-corrected particle weight is known as the Shields number [5] . It is commonly thought that there is a critical value of the Shields number that separates systems with and without bulk sediment transport [6] [7] [8] [9] [10] [11] [12] [13] . However, despite decades of research, the transition from a static to a mobile bed is not well understood. Values for the critical Shields number in experiments and field studies show significant scatter [7] , even in the same experimental setup [12] , and recent work has even questioned the validity of the critical-Shields framework [14, 15] .
Characterizing the onset and cessation of bed motion is challenging because it involves the interplay between complex fluid flow and yielding in dense granular materials, which are difficult to understand on their own. The detailed geometric arrangement of individual grains plays an important role in determining the overall strength of the material [16] [17] [18] . The bed is driven by a shear flow that is often turbulent in real-world situations, with large fluctuations and long-range correlations in the stress field [19] . Although stresses are primarily applied at the top layer of grains, there are also weak stresses applied to the bed by fluid flowing through the pore spaces between grains [20, 21] . All of these effects are coupled: the fluid flow can change the bed structure and therefore its strength [8, 12] , and the changing boundary condition can subsequently modify the fluid flow [22] . There is at present no fundamental understanding of the relative contributions of these effects on bed mobilization under various flow conditions.
To gain insight into the physical processes that control the transition from static to mobile beds, in this Letter we numerically study a simplified model of a fluid-driven granular bed. We performed molecular dynamics (MD) simulations of a two-dimensional (2D) granular system composed of frictionless disks subjected to a fluid shear flow, where the fluid velocity depends on the local grain density. We define the Shields number Θ to be the ratio of the typical shear force at the surface of the bed to the weight of a particle. We find that the system displays a critical transition at Θ = Θ c between mobile and static beds. The transition times between flowing and static states diverge as Θ → Θ c from below (similar to experiments in [8] ) and above, independent of system size. However, the onset of bed motion for Θ > Θ c depends strongly on system size according to weakest-link statistics [23, 24] , which implies that bed failure is initiated by the weakest part of the system. Thus, the onset of motion of a granular bed is crucially dependent on the geometric arrangement of the grains, even deep beneath the surface. Since bed structure is determined by the settling process, which is strongly coupled to the fluid dynamics, this also suggests a strong feedback between the fluid dynamics and granular physics in bed mobilization.
Our system consists of a 2D domain of width W and height H (with periodic boundary conditions in the horizontal direction) containing N/2 large disks and N/2 small disks with diameter ratio D l /D s = 1.4. The upper and lower boundaries are rigid, and the lower boundary has infinite friction so that the horizontal velocities of all particles touching it are set to zero. The total force on each particle is given by the vector sum of contact forces from other particles, a gravitational force, and a drag force from the fluid:
Here, m i is the particle mass, with m l /m s = (D l /D s ) 2 , a i is the acceleration of particle i, m i g ′ is the buoyancycorrected particle weight, and f i is the fluid force on disk i. F
Dij r ij is the pairwise repulsive contact force on disk i from disk j, where K is the particle stiffness, r ij is the separation between the centers of the particles, D ij = (D i + D j )/2 is the average diameter of the pair,r ij is the unit vector connecting their centers, and θ is the Heaviside step function. We set K/(m s g ′ ) = 9 × 10 4 to be in the infinite-stiffness limit; increasing this ratio has no effect on our results. We normalize the grain velocity by the settling velocity V s = √ gD, with D = D s , and time scales by the settling
For the fluid-grain interaction, we choose a simple, Stokes-drag-like form
where the drag parameter B = 0.1 is in the underdamped limit. The force on disk i depends linearly on the disk diameter and on the difference between its velocity v i and the local fluid velocity v f (φ i ), which is purely horizontal and depends only on the local packing fraction φ i as
where b controls the decay of the fluid flow into the bed. We calculate φ i in a small circular region with diameter D i + 2D l around each particle i, as depicted in Fig. 1 . This simple flow rule (Eqs. (2) and (3)) retains the key physical properties of the flows that drive sediment transport: the force on a grain depends linearly on the velocity difference between the grain and the fluid, and the fluid velocity falls off rapidly into a static bed. Since the flow velocity is set by the local packing fraction rather than strictly by depth, local dilation causes the velocity to increase as the bed becomes more loosely packed. Thus, our model includes a realistic positive feedback mechanism between packing density and fluid velocity. The ratio of the velocity of the fluid in the bed to that at the top layer of grains is set by b, and the decay length of the fluid velocity into the bed is set by the diameter of the circular region (shown in Fig. 1 ) used to define φ i .
The parameter that controls the transition between static and mobile states of the bed is the Shields number Grains are subjected to a fluid drag force and a gravitational force −mg ′ŷ . The gray circle (left panel) defines the area used to calculate the local packing fraction φi near the ith particle, which determines the local fluid velocity. We also show the layer-averaged grain velocity vg for a mobile bed in the right panel.
where f top is the typical fluid force at the top of the bed, calculated using Eqs. (2) and (3) with v i = 0 (a static bed) and φ i = 0.5, which is typical at the surface (see Fig. 1 ). We note that Θ ∝ v 0 .
To characterize the transition both from mobile to static and from static to mobile beds, we employed two protocols, denoted as A and B. In protocol A, to study the mobile-to-static transition, we distributed particles randomly throughout the domain and applied a constant value of Θ for a total time of 5 × 10 5 τ s . Figure 2 shows data from protocol A with beds of N = 800, W/D = 100, and b = 4. We classify the dynamics of the bed by measuringv g , the average horizontal velocity of all grains multiplied by the fill height N D/W , as a function of time t and Θ. Plottingv g /V s versus t/τ s yields three distinct classes of curves, as shown in Fig. 2(a) . For Θ < Θ 0 ≈ 0.3, all grains come to rest after a stopping time t s ≈ t s0 that depends only weakly on Θ. We consider the bed to be stopped when the maximum net acceleration a max is below a threshold a thresh , roughly one order of magnitude smaller than g ′ and roughly three orders of magnitude smaller than typical values for a moving bed. For Θ 0 < Θ < Θ c ≈ 0.37, we observe metastable bed flow, wherev g rapidly approaches a nearly constant, nonzero value and remains there for long times before eventually decreasing to zero. For Θ > Θ c , we observe stable bed flow, wherev g remains at a constant, nonzero value for the duration of the simulations.
In Fig. 2(b) we plotv g measured both at an intermediate time t i (where metastable states are still moving but states with Θ < Θ 0 have come to rest) and at t f , the end of the simulation.v g (t i ) increases linearly with Θ for Θ > Θ 0 , and connects continuously tov g = 0 at Θ 0 . This is the expected relationship between strain rate and applied stress for frictionless granular systems: below the yield stress the material does not flow, while above the yield stress the strain rate increases as a power law in the difference between the applied stress and the yield stress [25] . And indeed, the strain rate at long times is continuous if we remove the decay of the applied stress into the bed by setting b = 0. However, Fig. 2(b) shows that for b = 4,v g does not go smoothly to zero at Θ 0 , as has also been observed in experiments [10] as well as simulations of aeolian transport [26] . The discontinuity inv g moves from Θ 0 to Θ c as time increases. For Shields numbers below Θ c , the grains settle into a stable packing in a time t s that diverges as Θ → Θ c , as shown in Fig. 2(c) . As Θ → Θ c , the fluid is injecting more energy into the granular flow, and grains become less likely to find stable configurations. We also find that t s does not depend on system size, as shown in Fig. 2(c) .
Mobile grains can explore different geometrical configurations to find one that is mechanically stable given the fluid force. However, for a static bed, there is no source of noise in our system that can cause flow when Θ is fixed: a flowing bed can stop, but a stopped bed can never flow. Thus, in protocol B, to understand the dynamics of the static-to-mobile transition, we begin with a static bed from protocol A with Θ ≈ Θ 0 and slowly increase Θ in increments of ∆Θ ≈ 2.5 × 10 −3 . If a max < a thresh after roughly one inter-grain collision time, then Θ is increased. If a max > a thresh , we keep Θ constant until a max < a thresh or the grains reach a steady mobile state.
We denote the final value of Θ at which the grains will flow indefinitely by Θ f , with Θ f > Θ c . These final states are the same as the stable flow states observed in protocol A. Often, the initial state of the grains in protocol B differs slightly from the state of the grains immediately before the onset of flow, due to small rearrangements in the bed [13] . Interestingly, we also observe that the failure events do not always originate at the surface of the bed. If we measure the depth of the particle whose acceleration first exceeds a thresh at Θ f , we find that it can occur at any depth y f in the bed, with a probability distribution p f that is proportional to the local applied fluid force:
as shown in Fig. 3(a) , where R ≈ 4 is the ratio between the fluid force at the top of the bed to that inside the bed. We denote the mobilization time, t m , as the time between the initial force imbalance at Θ f (i.e., a max > a thresh ) and whenv g reaches its asymptotic value. As shown in Fig. 3(b) , this time scale also diverges as Θ → Θ c and is independent of system size. We observe that Θ f depends strongly on both system size and the geometric configuration of the grains. Figure 4(a) shows the probability distribution P (Θ f ) for many system sizes, where we have varied both N and W . For small systems, Θ f can be greater than 5Θ c . In the large system limit, P (Θ f ) approaches δ(Θ f − Θ c ). These distributions collapse onto a master curve when rescaled by their mean values, as shown in the inset of Fig. 4(a) .
The system size dependence of P (Θ f ) suggests that a weak region in the bed fails first, and its effects propagate throughout the entire system. Increasing the system size increases the likelihood of finding a weak-enough region for a given Θ, which decreases the mean value of Θ f . If we think of the bed as a composite system of M uncorrelated subsystems, where the composite system fails if any of the subsystems fail, the cumulative distribution C M (Θ) for failure of the composite system is related to that of a single system C(Θ) by
If we assume a Weibull distribution [23, 24, 27 ]
then C M (Θ) has the same form with α M = α and β M = βM −1/α . Thus, if any size subsystem can be fit to Eq. (7), then one can test whether Eq. (6) applies by varying the system size. If α remains constant but β varies as M −1/α , then Eq. (6) applies, and global failure is caused by the failure of a single member of a collection of uncorrelated subsystems. Figure 4 (a) shows that P (Θ f ) = dC/dΘ f obeys a Weibull distribution with shape parameter α ≈ 2.6.
To test whether the mean Shields number at flow onsetΘ f scales as ( the vertical symmetry is broken by the fluid forcing profile, we calculate H eff by integrating p f (y f ), the probability distribution that the failure occurs at depth y f (Eq. (5)), over the depth of the system. The horizontal dimension is symmetric, but we find finite systemsize effects when W/D < 17, which can be modeled with W eff /W = 1 − exp − W 17D . Figure 4 (b) shows that (Θ f − Θ c ) ∝ M −1/α eff , as expected for Weibullian weakestlink statistics. The form of H eff reinforces the message of Fig. 3(b) : the probability of local failure scales with the local applied shear force. Additionally, the form of W eff suggests a correlation length of the failure events of roughly 17D.
In summary, we have used numerical simulations to study the interaction between a granular bed and a fluid shear flow that includes realistic feedback between the stress delivered to the grains and the local packing fraction. Our results are consistent with the existence of a critical Shields number Θ c that separates static and mobile beds, with timescales that diverge as Θ c is approached from above and below, and with a discontinuous average grain velocity at Θ c (similar to simulations of saltation of blown sand [26] ). Our results also show that the packing structure deep in the bed cannot be neglected if there is a weak but nonzero bulk shear force, as expected from Darcy's law [20, 21] . Future research should consider how these conclusions may be modified by the presence of inter-particle friction or nontrivial particle shape, or by stochastic or turbulent fluctuations in the driving flow. This work was supported by the US Army Research Office under Grant No. W911NF-14-1-0005.
